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Geometry of the model: the 2D case
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Perfect interface: [u] = 0, [t2] = 0, for x1 > 0.

2D half-plane crack along the interface

The loading is self-balanced but NOT symmetrical:Z
γ+

p+ +

Z
γ−

p− = 0,
Z
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x ∧ p+ +

Z
γ−

x ∧ p− = 0,
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Symmetric and Skew-symmetric components

crackcrack

symmetric component skew−symmetric component

Symmetric load: Skew-symmetric load:

〈p〉(x1) =
p+(x1) + p−(x1)

2
[[p]](x1) = p+(x1)− p−(x1)

Questions
Does the skew-symmetric component produce any stress concentration at the
crack tip?

Can we compute the SIFs (and possibly higher-order terms) for a general
asymmetrical distribution of forces?
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Geometry of the model: the 3D case
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Observation of the SIFs

1+
p(x ,x  )

K  (x  )

3

3j

crack

Bi-material space

The loading is a function of x3:

〈p〉(x1, x3) =
p+(x1, x3) + p−(x1, x3)

2
, [[p]](x1, x3) = p+(x1, x3)− p−(x1, x3)

The SIFs are functions of x3:8<: K (x3) = KI(x3) + iKII(x3) [complex SIF]

KIII = KIII(x3)
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Fundamental solutions in linear elasticity

Green’s function
Solution of the displacement field at point x produced by a unit concentrated body
force e located at point y .

Point force

x

Displacement

y

e

u(x,y)

ui(x , y) = Gij(x , y)ej

Gij(x , y) =
1

16πµ(1− ν)r [(3− 4ν)δij + r ,i r ,j ], r = x − y , r = |r |
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Fundamental solutions in linear fracture mechanics

Point forces

SIFs

Stress concentration

x
K =

r
2
π

(1 + i)x−1/2

KI =

r
2
π

x−1/2, KII =

r
2
π

x−1/2

Fundamental solutions in linear fracture mechanics are known as weight functions.
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Definition of Weight Functions (Bueckner, 1970)

Definition
SIF associated with concentrated point forces applied on the crack faces.

2D case
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′
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distributed load
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Generalization of Weight Functions (Willis-Movchan, 1995)

Definition
Singular solution to the elastic crack problem with homogeneous boundary conditions
(traction-free crack faces): displacement field U(x1, x2), stress field Σ(x1, x2).
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Weight Functions: a powerful tool

Weight functions (singular solutions) are a powerful tool in linear fracture mechanics,
allowing for:

derivation of SIFs associated to concentrated forces on the crack faces (Bueckner
weight functions):

w(x ′1, x
′
3, x3) =

Z ∞
−∞

Z ∞
−∞

[[U]](β, λ)eiβx′1 eiλ(x′3−x3)dβdλ,

derivation of SIFs associated to a general asymmetrical loading on the crack
faces:

K (x3) =

Z ∞
−∞

Z ∞
−∞

n
[[U]](β, λ)〈p〉(β, λ) + 〈U〉(β, λ)[[p]](β, λ)

o
e−iλx3 dβdλ,

evaluation of the constants near high-oder terms in the asymptotics of the solution

solution of perturbation problems (load and/or geometrical perturbations)
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The 2D case: new fundamental solutions for interfacial cracks

Plane strain (Mode I and II)
Symmetric weight function matrix:8><>: [[U]](x1) =

1

2d0
p

2πx1

(
x−iε

1

c+
1

B +
x iε

1

c−1
B>
)

for x1 > 0,

[[U]](x1) = 0 for x1 < 0,
B =

»
1 −i
i 1

–

Skew-symmetric weight function matrix:8>><>>:
〈U〉(x1) =

α

2
[[U]](x1) for x1 > 0,

〈U〉(x1) = −i
α(d∗ − γ∗)

4d3
0

p
−2πx1

(
(−x1)−iε

c+
1

B −
(−x1)iε

c−1
B>
)

for x1 < 0,

Antiplane shear (Mode III):
Symmetric and skew-symmetric weight functions:

[[U3]](x1) =

8<:
1− i
√

2π
x−1/2

1 , for x1 > 0,

0, for x1 < 0,
, 〈U3〉 =

η

2
[[U3]],
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The 3D case: new fundamental solutions for interfacial cracks

Symmetric weight function:

[[U]]+(β, γ) =
λp

|λ|
p
β + i|λ|

24 F11(β, λ) F12(β, λ) F13(β, λ)
F21(β, λ) F22(β, λ) F23(β, λ)
F31(β, λ) F32(β, λ) F33(β, λ)

35
Skew-symmetric weight function:

2〈U〉(β, λ) =
1

β + i|λ|
C−1 (β)Σ

−
+

„
αΠ12 + ηΠ3 +

1
β − i|λ|

C+
2 (β)

«
[[U]]+,

C−1 (β) =
ibα(d∗ − γ∗)
β − i|λ|

24 0 −β 0
β 0 λ
0 −λ 0

35 , Π12 =

24 1 0 0
0 1 0
0 0 0

35 ,
C+

2 (β) =
f − αe

(b + e)(β + i|λ|)

24 λ2 0 −βλ
0 0 0
−βλ 0 −λ2

35 , Π3 =

24 0 0 0
0 0 0
0 0 1

35 .

It is possible to derive the 2D weight functions as limiting case λ→ 0.
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The 2D case: integral formula for the computation of SIFs

Plane strain (Mode I and II): the complex SIF, K = [K ,K ∗]>, is given by:

K = −iM−1
1 lim

x′1→0

Z 0

−∞

8><>:[[U]]>(x ′1 − x1)R〈p〉(x1)| {z }
symmetric part

+ 〈U〉>(x ′1 − x1)R[[p]](x1)| {z }
skew-symmetric part

9>=>; dx1,

[[U]] symmetric weight function, 〈U〉 skew-symmetric weight function

〈p〉 symmetric load, [[p]] skew-symmetric load

Antiplane shear (Mode III):

KIII = −(1 + i) lim
x′1→0+

Z 0

−∞
{[[U3]](x ′1 − x1)〈p3〉(x1)| {z }

symmetric part

+ 〈U3〉(x ′1 − x1)[[p3]](x1)}| {z }
skew-symmetric part

dx1,

Answer
“The skew-symmetric component does produce stress concentration at the crack tip!”
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Material parameters involved in the interfacial crack problem

Symmetric weight function [[U]] Skew-symmetric weight function 〈U〉

b =
1− ν+

µ+
+

1− ν−
µ−

bα =
1− ν+

µ+
−

1− ν−
µ−

d =
1− 2ν+

2µ+
−

1− 2ν−
2µ−

bγ =
1− 2ν+

2µ+
+

1− 2ν−
2µ−

e =
ν+

µ+
+
ν−

µ−
f =

ν+

µ+
−
ν−

µ−

d∗ =
d

b
=
µ−(1− 2ν+)− µ+(1− 2ν−)

2µ−(1− ν+) + 2µ+(1− ν−)
γ∗ =

γ

α
=
µ−(1− 2ν+) + µ+(1− 2ν−)

2µ−(1− ν+)− 2µ+(1− ν−)

α =
µ−(1− ν+)− µ+(1− ν−)

µ−(1− ν+) + µ+(1− ν−)
η =

µ− − µ+

µ− + µ+

Dundurs parameters
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Computation of SIFs for a plane strain deformation

F /2 F /2F /2 F /2

x2

x1

F /2

F /4 F /4

F /2

F /4 F /4

µ  , ν+ +

µ  , ν− −

FF

a

2b

=
+

symmetric part

skew−symmetric part

unsymmetrical loading

Point forces in a “three-point” configuration

The load is self-balanced in terms of both
principal force and principal moment
vectors

The load is not symmetrical

Symmetric and skew-symmetric loads (δ is
the Dirac delta function):

〈p〉(x1) = −F/2δ(x1 + a)− F/4δ(x1 + a + b)− F/4δ(x1 + a− b),

[[p]](x1) = −Fδ(x1 + a) + F/2δ(x1 + a + b) + F/2δ(x1 + a− b).

Complex SIF: K = K SYM + K SKEW

K SYM = F

r
2
π

cosh(πε)a−1/2−iε


1
2

+
1
4

(1 + b/a)−1/2−iε +
1
4

(1− b/a)−1/2−iε
ff

K SKEW = αF

r
2
π

cosh(πε)a−1/2−iε


1
2
−

1
4

(1 + b/a)−1/2−iε −
1
4

(1− b/a)−1/2−iε
ff
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4
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1
4

(1− b/a)−1/2−iε
ff
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Computation of SIFs for a plane strain deformation
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Numerical results

K vs. b/a

F /2 F /2F /2 F /2

x1

a

x2FF

2b

crack interface

ν+ = 0.2, ν− = 0.3

η = (µ− − µ−)/(µ− + µ−)

η = −0.99 (green)
−0.5 (orange)
0. (red)
0.5 (blue)
0.99 (black)
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−0.5 (orange)
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Comments:

K SYM
II and K SKEW

II are NOT identically zero

K SKEW
I = 0 and K SKEW

II = 0 for b/a = 0, but both increase when increasing b/a

SIFs blow up as b/a→ 1
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High-order terms and perturbation problems

Symmetric and skew-symmetric weight functions can be efficiently used for:

Evaluation of the constants near high-order terms:

σ22(x1, 0) + iσ12(x1, 0) ∼
K
√

2π
x−1/2+iε

1 +
A
√

2π
x1/2+iε

1 , x1 → 0+

A = M−1
2 lim

x′1→0

Z 0

−∞

(
d [[U]]>(x ′1 − x1)

dx1
R〈p〉(x1) +

d〈U〉>(x ′1 − x1)

dx1
R[[p]](x1)

)
dx1.

Solution of perturbation problems (load and/or geometry):

crack interface

Uniform advance of the

crack along the interface

crack interface

Out-of-plane perturbation

of the crack faces

crack interface

Out-of-plane perturbation

of the interface
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Perturbation of Mode III interfacial cracks

Γ

2

Material 2

µ +

+

p

µ −

P

Γ

ζ

P+

+

−

x

x1

Material 1

p

−

−

I

ε
γ

γ

+

−

ε

ε
I−

+I

x 2 ε= ψ+ x1
x ε φ= x12

x 2 ε= ψ− 1x

(   )

(   )

(   )

Bi-material body subject to antiplane shear

Asymmetrical loading on the crack faces

Perturbations of crack faces and interface:

x2 = εψ±(x1), x2 = εφ(x1)

SIF for the unperturbed problem (ε = 0):

K (0)
III = −

s
2
π

Z 0

−∞


〈p〉(x1) +

η

2
[[p]](x1)

ff
(−x1)−1/2dx1

∆u±(x1, x2) = 0, b.c.

8>>><>>>:
µ±

∂u±

∂n±
= P± on Γ±

µ±
∂u±

∂x2
= p± on γε±

i.c.

8><>:
u+ = u− on ζε

µ+
∂u+

∂n
= µ−

∂u−

∂n
on ζε

We assume that the functions ψ±, φ and their derivatives vanish within a finite neighbourhood of
the crack tip (regular perturbation of the boundary):

u±(x1, x2, ε) = u±
(0)

(x1, x2) + εu±
(1)

(x1, x2) + O(ε2), ε→ 0

KIII = K (0)
III + εK (1)

III + O(ε2), ε→ 0
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Perturbation of Mode III interfacial cracks: model problems

Γ

2

Material 2

µ +

+

γ

γ p

µ −

P

Γ

ζ

P+

+

−

+

−

x

x1

Material 1

p

−

−

0

0

0

Model problem for u±
(0)

(x1, x2)

Solved by use of the Mellin transform:

ũ±(0)(s, θ) =

(p̃+ − p̃−) cos(sθ)

(µ+ + µ−)s sin(πs)
−

(µ−p̃+ + µ+p̃−) sin(sθ)

µ±(µ+ + µ−)s cos(πs)

+I

Γ

2

Material 2

µ +

+

γ

γ

µ −

Γ

ζ+

−

x

x1

Material 1

I−

−

I

0

0

0+

f−

gf

Model problem for u±
(1)

(x1, x2)

Effective loading on the crack faces:

f±(x1) := µ±
∂

∂x1

0@ψ±(x1)
∂u±

(0)

∂x1

1A
Prescribed discontinuity of displacements
along the interface:

g(x1) := −φ(x1)

0@∂u+
(0)

∂x2
−
∂u−

(0)

∂x2

1A
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Integral formula for K (1)
III

Knowing the symmetric and skew-symmetric weight functions we can derive explicitly the first
order variation of SIFs:

K (1)
III = −

s
2

π

Z 0

−∞
(−x1)−1/2 ∂

∂x1


〈f〉(x1) +

η

2
[[f ]](x1)

ff
dx1| {z }

perturbation of crack faces

+
µ+µ−√

2π(µ+ + µ−)

Z ∞
0

g(x1)x−3/2
1 dx1| {z }

perturbation of interface

Perturbation of crack faces and interface:

2x

x1

2d+

A+

A−

2d−

c+

c−

F/2 F/2

A
F

2d

2b

a

c

µ +

Material 1

Material 2

µ −

Loading:

〈p〉(x1) =
1
2
δ(x1 + a) +

1
4
δ(x1 + a + b) +

1
4
δ(x1 + a− b)

[[p]](x1) = δ(x1 + a)−
1
2
δ(x1 + a + b)−

1
2
δ(x1 + a− b)

Perturbations:

ψ±(x1) = ±
A±
d4
±

(x1 + c± + d±)2(x1 + c± − d±)2

φ(x1) =
A
d4

(x1 + c + d)2(x1 + c − d)2
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Numerical results
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η = (µ− − µ−)/(µ− + µ−)

η = −0.99 (green)
−0.5 (orange)
0. (red)
0.5 (blue)
0.99 (black)

Numerical results for different material and geometrical parameters:

Perturbation of the crack faces:
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Perturbation of the interface:
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Summary

Fundamental solutions in linear fracture mechanics

New fundamental solutions for interfacial crack problems:

Symmetric and skew-symmetric weight functions for both 2D and 3D cases
Skew-symmetric loading does produce stress concentration at the crack tip

How to use weight functions for:

Computation of SIFs
Computation of higher-order terms
Solve perturbation problems
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