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1. Introduction

We consider the Riemann boundary value problem on the unit disk, which
consists of determination of a couple of functions ¥*(z) and ¥~ (2), holo-
morphic on interior set D' and exterior set D~ of the unit circle L = {z €
C : |z| = 1}, respectively, continuous up to the closure of these domains and
satisfying the boundary condition on L:

UHt)=G)¥ () +g(t), telL, (1.1)

where G(t) and ¢(t) are given continuous on L functions. An attention to
this problem is due to its numerous applications (see, e.g., [6], [7]). The
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classical situation related to the case of Holder continuous data G and g
is widely discussed in the literature. Actually, the Hdélder continuity can
be generalized via conception of modulus of continuity. Using the same
scheme as in [6], we consider the problem when the functions G and g belong
to a space defined by modulus of continuity from special classes @Zn and
<1)an introduced in [3]. Properties of theses classes as well as functional
spaces determined by the corresponding modulus of continuity are discussed
in Section 2. The main goal of the paper is to prove the following result (for
more extended representation, see Section 4, Theorem 4.1).

PROPOSITION. Let p be a modulus of continuity, p € @Qn U Cb%n, 9,G €
CHP" (L), where C**" (L) is a space defined by p on L, and » is the index of
the problem. Then the problem (1.1) has 4+ 1 linearly independent solutions
Ut e ore” (5i) when s > 0, and a unique solution when 3 = —1. If 2 < 0,
then the problem has a solution if and only if additional — — 1 conditions
are satisfied.

The core of the proof is the behaviour of the singular integral with Cauchy
kernel on spaces defined by modulus of continuity, which is considered in
Section 3. Solution scheme to (1.1) is presented in Section 4 together with a
description of the behaviour of solution in terms of the modulus of continuity,
showing the main difference with classical approach. Actually, we show that
a kind of “logarithmic” effect could appear (cf., [4]).

2. Notation and auxiliary results

2.1. Definition of modulus of continuity

DEFINITION 2.1. Let p be a continuous positive function p : (0,1] — R,
w(t) — 0 when t — +0. It is said that  is a modulus of continuity if:

1) p is almost increasing, i.e., there exists ¢ = c(u) > 0 such that, for any
t1,ta € (0,1], t1 < ta, the inequality pu(ty) < cu(te) holds;

p(t)

2) ¢(t) = ——= is almost decreasing, i.e., there exists c1 = c1(p) > 0 such
that, for any t1,to € (0,1], t1 < ta, the inequality p(t1) = c1¢(t2) holds.

Modulus of continuity p satisfies the Dini condition if fol@dt < 00.

The following scales of classes of moduli of continuity were introduced
in [3].

DEFINITION 2.2. Let p be a positive continuous almost decreasing function
p:(0,l] = R, and p: (0,1]] — R be a modulus of continuity. Fiz a number
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n € Z,n >0, and assume that up"t' is the modulus of continuity, too. It is
said that p belongs to the class (I)an if the following conditions are satisfied:
14, ) there exists A > 0 such that, for any x € (0,1],

24,) there exists B > 0 such that, for any x € (0,1],

[ 100 ptte)

Similarly, p belongs to the class @%n if the following conditions are satisfied:
1B, ) there exists A > 0 such that, for any x € (0,1],

x n+1
/0 Wdt < Ap(z)p" (2);

2p,,) there exists B > 0 such that, for any x € (0,1],

l
/ M(;)dt < ph@)p(@)
s U T

We recall few known properties of modulus of continuity:
1) pu(t)p™(t) satisfies the Dini condition for any pu € @ U P ;
2) @ZHH C @ and @%HH C @ for any n € Z, n > 0;
3) if p is bounded on (0,1] then @/, = @/, , and coincides with the class ®,
considered, e.g., in [1], [2], [5].

2.2. Spaces defined by modulus of continuity

Let E be an arbitrary connected set £ C C, E # (). We denote by B(E) the
set of functions f : E — C bounded on FE.

DEFINITION 2.3. Let p : (0,1]] = R be a modulus of continuity. A function
f € B(E) is said to belong to the class C*(E) if f satisfies the following
condition:
(*) there exists C > 0 such that, for any points z1, 22 € E, 21 # 00, 23 # 00,
21 # 22, |21 — 22| <1, the inequality |f(z1) — f(22)| < Cu(|z1 — 22|) is
satisfied.

If z =00 € E, we have to add an extra condition with the same constant C' :



74 A. Illchukov, S. Rogosin

(**) for any point z € E, z # 00, |z| > 1, the inequality | f(c0) — f(2)] <
Cu(é) 18 satisfied.

We refer to C*(FE) as to the space defined by the modulus of continuity

w, ie.,
1. CH(FE) is a vector subspace of the space of continuous functions C'(E).
2. If po(t) = t, then, for any modulus of continuity, p C*°(E) C C*(E).

COROLLARY 2.1. Let f € CH(E), M = f(FE) and g € CH*(M). Then (gof) €
CH(E), where o denotes a superposition.

LEMMA 2.1. Let fi, fo € C*(E). Then
1) (f1f2) € CH(E);

2) if there exists m > 0, | fa(2)| > m for any z € E, then (%) € CHE).

2

Proof. The proof of the lemma is standard. Its scheme is similar to that
in the case of Holder continuous functions (see, e.g., [6]). O

2.3. Behaviour of functions in the unit disk

We remind here the following result from [3], which in use in what follows.

LEMMA 2.2. Let G = {z € C: [z| < 1}, and f be a holomorphic function
i G and continuous in the closure G. Let u be a modulus of continuity,
uE @Zn U <1>an. If the following inequality holds for any 01, 62 € [0, 2)

Fe™) — F(e%)] < Ap(le — o2 [)p (6 — o)
with A = A(p, f), then there exists C = C(u, f), such that, for all (1, € G,
1£(G) = F(G)] < Cul|¢r = Gl)p" (16 — Cal)-

3. Singular integral with Cauchy kernel in spaces defined by
modulus of continuity

Let L be the unit circle L = {z € C: |z| = 1}. It splits an extended complex
plane into interior domain DT = {z € C : |z| < 1} and exterior domain
D= ={z¢€C:|z| > 1} U{oo}. It is well known (e.g. [6, p.17]) that the
function

U(z) = ! /L(p(ﬂdT (3.1)

211 T—2z



Boundary value problems... 75

is correctly defined on D™ and D~ for any continuous density ¢ : L — C.
Moreover, it is holomorphic in DT and D~. We denote by U*(2) and ¥~ (2)
the restriction of ¥(z) onto D™ and D™, respectively. For z =t € L, formula
(3.1) determines a singular integral. Its existence is usually understood in the
sense of the Cauchy principal value (as, e.g., in the case of Holder continuous
density).

3.1. Existence of the singular integral

Let us consider the contour singular integral

/*"(T)dT, telL. (3.2)
L

T—1

The Cauchy principal value of (3.2) at any point ¢ = e’® € L is the limit

lim () dr,
6—0 L\l T—1

where lyp = (ei(a—a)’ ei(a+9))‘
Tt is known that IL% = ¢m for any t € L. Hence, formally

and it follows that the existence of (3.2) is equivalent to the existence of

b(t) = /L plr) = olt) (3.3)

T—1

LEMMA 3.1. Let ¢ € CH(L) with pu satisfying the Dini condition. Then
integral (3.2) exists in the sense of the Cauchy principal value.

Proof. Let t = e, 7 = ¢ where a, o € [0,27). Then, for any 6 € (0, ),

p(r) =) _ [T ee) = o(e) oy
/L\lg LA AT P /a P TP Jeiorg

T—t 10 elo — gia

a—0 AN i .
+/ p(e?) — (") - oy

o elo eia

It suffices to proceed only with the first integral:
/O‘Jr7T p(e) — (p(eia)eia
a+6

eia _ ela

do
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<o [T el —ele)]
a+6 o —a

o+ _ ™ ™
< CQ/ Mda = 02/ Mdac < C’g/ de < 4o00.
a+6 96 T 0

lo — af x
O

COROLLARY 3.1. Singular integral (3.2) exists in the sense of the Cauchy
principal value and defines a function on L (which we will denote as ¥ (t))
for any p € @in U @%n and p € CH*"(L).

3.2. Behaviour of the singular integral on the contour

LEMMA 3.2. Let p be a modulus of continuity p € @Zn U @an and ¢ €
Cr" (L). Then the function 1 in (3.3) satisfies b € CH"" (L).

Proof. Let t; = e ty = ! € L, |a; — as| < 7. We have to show that

[¥(t1) — W (t2)] < Cullts — ta])p" (11 — ta)),

where the constant C' is independent of ¢; and t3. First, let |y — ao| < 3.
Then

Y(th) —(ty) = /lMdT_/l o(r) = olta) 4

T—1 T — 19

Il 12

_/ o(t1) — @(h)dT_/ [o(7) = p(t2)][ta —ta] ,
I\l I\l '

-

T—1 (1 —t1)(7 — t2)

I3 1y

We consider only p € @/ . The case p € ®; is studied similarly. If
p € @, then we can estimate |I1| in the following way:

V2

_ 0
0 T

Tt
Azp(2]ty — ta])p"TH(2lty — t2])
Cru([ts — t2])p" ([t — ta)).

Analogously,
|Iao| < Cop([ty — t2])p" (|1 — t2]).
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For |I3|, we have

T3] < [o(t1) — @(tz)\‘ /L\l < Cap(|ty — ta])p" (|t — ta]).
0

dr
T—tl

Next, for any 7 € L\ ly, we have that
1
|7’—t2’ < |t1 —t2|—|—|7‘—t1| < 5|’7’—t1|+|7’—t1‘ < 2‘7‘—t1|,

implying that

lo(T) — @(t2)|d
2
e Tt

() pn(z U
< AS\t2—t1!/ Wd$§A4]t2—t1|p”(G)/ de
4 0

$2
0
< Aslte — t1|P”(9)(9 ) < Cap(fts — t2))p" 1 (Jt1 — ta).

1
|Is] < §|t2 — 1]

Thus, for any p € ®) U®% | in the case [a; — ag| < §, we have

| (t1) — ¥(t2)| < Cop(lty — ta|)p" T (|t1 — tal).

This completes the proof since other cases can be reduced to the considered
one. O

COROLLARY 3.2. Under conditions of Lemma 3.2, we have ¥ € C“an(L).

3.3. Continuity of the singular integral on closed domain

Let us fix a point ¢ € L, then the Cauchy integral theorem yields

Ut(z) = ;iéw&'—ﬂo(t% z€ DY,
U (z) = eri/LwdT’ 2eD .

Let us denote

T —Z

w(z):/L('()(T)_(p(t)dT, z€DT or z€D.

LEMMA 3.3. Let p be a modulus of continuity, p € @in U @%n, and ¢ €
CH" (L). Then the functions Y and U~ have limit values at any point t € L.
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Proof. We prove the lemma only for ¥ since the proof for ¥~ is similar.
First, we show that, for any € > 0, there exists 6 > 0 such that |¢(re’®) —
P(re'®)| < e for any a € [0,27), whenever 1 —7 < §. Let a € [0,27) be fixed
and lp = (e(@=0) ¢(@+0)) for some 6 € (0, 7). Then

¢(Teia) o ¢(eia)
/ re' — e o(r) —o(t) |
L

- T — reta T—t T
(1 A Yo't o t (1o NN Yo" . t
:/ re' — e’ p(7) W()dTJF/ re' — e () — )
lo T — re@ T—1 L\l T — re!@ T—1
I I

Let t = ', 2z = re'®. We consider the triangle ztr for any point 7 =
¢ilata) ¢ [y denoting f = ZztT and v = Zz7t. Then
|z —t| siny  siny 1
IT—z|  sinf  cos$  cos(6/2)

Thus,

1 lo(T) — @(t)] C ? p(x)p"(x)
L] < cos(0/2) /19 I —t] ldrl < cos(6/2) /0 e

< Cup(0)p" 1 (0).

Hence, for any € > 0, we can find 6 € (0,7) such that |[;| < e uniformly in
a € [0,2m). Let us fix such a number §. The function w is continuous
on L\ lp, hence, bounded on L \ lg by certain M > 0. Besides, for any

T € L\ lp, it follows that
|7 — 2| = [e"@™) — 1e'| > sin 6.

So, we have the following estimation for |I2] :
z—1 T)— @t
e [ i

L\lg | — 2|

T—1
For the same ¢, we can find § > 0 such that |I2| < € for all a € [0,27),
whenever 1 —r < §. This gives us the desired inequality |¢(re!®) —1)(rei®)| <
e for all a € [0, 27).
Now let z = re!® — t = ' Then r — 1 and a — ag. Since

[9(2) = ()] < [(re™) — ()| + [(e™) — p(e")],

the final result follows from the continuity of 1 (z) (shown above), and the
continuity of ¥(t) on L (see the corollary of Lemma 3.2). O

M

dr| <
| T’\sinH

271 —r|.
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COROLLARY 3.3. If u is a modulus of continuity, u € @in U @]pgn, and p €
CH" (L), then the Sokhotski-Plemelj formulas hold:

() = % Lf(_T)Z dT—i—%gp(t), (3.4)
U (t) = ;m/Lf(_T)sz—;so(t), (3.5)

where UE(t) denote the limit values on L of the functions U (z), respectively.

3.4. Behaviour of the integral with Cauchy kernel inside the
unit disk

We present the behaviour of the functions ¥ (z) and ¥~ (z) in the form of
corollaries from Lemmas 2.2 and 3.2.

COROLLARY 3.4. If the modulus of continuity p € @Znﬂ U (I)%m-l and the
function ¢ € C*" (L), then Ut(z) € Cre""” (E+).

Using reflection with respect to the unit circle, we obtain a similar result
for the outer domain D™, namely, we have the statement

COROLLARY 3.5. If the modulus of continuity pn € @
n+2 ,—4~—

function ¢ € CH" (L), then ¥~ (z) € C**" (D).

U <I>’;3 and the
n+1 n+1

4. Riemann boundary value problem in spaces defined by
modulus of continuity

In this section, we study the Riemann boundary value problem (1.1) in spaces
defined by modulus of continuity following the scheme of [6, pp. 106-111].

4.1. Jump problem

First, we consider a special case of (1.1), called the jump problem, that is,
Ut(t) - (t)=g(t), telL. (4.1)

If p € @’AnHU@%nH and g € C**" (L), then from Sokhotski-Plemelj formulas

(3.4) and (3.5), it follows that the unique solution to the jump problem (4.1)

has the form of the Cauchy type integral (3.1) with density (t) = g(t).

It follows from the properties of ¥(z), shown in the previous section, that
nt2 e

Ut e 0" (DY) and U € O#" (D).
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4.2. Homogeneous problem

Let us consider the homogeneous Riemann boundary value problem, that is,
Ut =GH)¥ (t), tel. (4.2)

Solution of the problem depends on the number » = IndG = 5-[arg G(t)].,
the so-called index of the function G. As in |6, p. 109], we introduce so-called
canonical function

'~ (2)

X+(z):er+(z), z€DT, and X (2)= ez% , z€D™, (4.3)
where
o= o [ LEOEU,,
2m Jp T—Z
Then:

1) Xt € HD"), X~ € H(D™), and X*(z), X (z) can be continu-
ously extended up to L. Moreover, X € C’“an(EJr) and X~ €
Cup"+2 (ﬁ—),

2) the functions X and X~ satisfy (4.2).

LEMMA 4.1. Let pe ®) U®Y G e O (L) and x € Z.

1. If 5z < 0, then the problem does not have any other solutions besides

trivial.

2. If 3¢ > 0, then the problem has » + 1 linearly independent solutions
Ul(z) = el TR e ﬁJr, U (2) = kel eD,
k=0,1,...,5 I is defined by formula (4.3). Also, all functions ‘IJZ €
cw" (DY), wr e cre" (D).

Proof. The proof is straightforward, and repeats the proof in the case of
Holder-continuous data (see [6]). O
4.3. General case
THEOREM 4.1. Let us consider the Riemann boundary problem (1.1)

Ut(t)=GH)¥ (¢) +g(t), telL.

Letpe®) UL . andg,G e Cr" (L), G(t) # 0. Then:
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1) if »x = 0, then the solution of the problem can be represented in the
form

U(z) = X(2)(O(2) + Pu(2)), (4.4)

where X (z) is the canonical function, P,(z) is a polynomial of order s
with arbitrary coefficients, and

1 T dr
Oz = ZM/LXQ‘(F(j’) EErs (4.5)

2) if »x = —1, then the problem has the unique solution represented by
formula (4.4) with P,(z) =0;

3) if »x < —1, then there exists the unique solution to the problem if and
only if

9(1) 1
dr = k=0,1,...,—»x—1;
/LX+(T)T T =0, 0,1, , = ;

this solution is given by formula (4.4) if we put P,(z) = 0.
In any case, ¥ € C’“pn+4(5+) and U= e C""(D7).
Proof. The procedure to obtain a solution is the same as for Holder con-

tinuous data. We are interesting here in the behaviour of the solutions. We
can rewrite (1.1) as

Ut v 9@

X0 - x-@) xray S

Then we consider the jump problem with the function g;(t) = ng()t), telL.
Therefore,

nlt) = A0 =0 -0 (0, tel

where ©(z) is defined by (4.5). It follows that g; € Cre"*(L). Thus,
n+4 o~—

ot ecret (E+) and ©~ € C*"" (D ). As it can be seen in [6, pp.111-
112], further arguments do not impact on the behaviour of the solution. [
REMARK 4.1. The behaviour of the Cauchy type integral (3.1) impacts

on the behaviour of the solution to the problem (1.1): we obtain a loss of
reqularity effect if a given function p is unbounded on (0, ].
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